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ByAlvinH.Sacks

SUMMARY

Mathematicalexpressionsarederivedfortheinterferenceforces
andmomentsactingonthetailsofslenderplaneandcruciformwing-tail
ccmtdnaticmsofgeneralplanforminsteadystraightflightatcombined
anglesofattackandsideslip.Thederivaticmsaremadewithinthe13ni-
tationsofslender-bodytheoryundertheassumptionthatthevortexsheet
leavesthewingasa flatsheetad becomesfullyrolledupaheadofthe
tail. Thederived~ressionsareusedtocalculatethesteadylifts,
sideforces,pitchingmments,andro13.5ngmcmentsofa numberofwing-
tailcombinations.Theeffectsofchangesh tailheight,taillength,
ratiooftafispanto@ng span,tailincidence,andtailthicknessare
calculated.Theresultingcurves,andparticularlytheirnonlinearities,
arediscussedatsomelengthinconnectionwithstaticstability.In
general,themostdramaticeffectsarenotedwhenthevorticesshedfrom
thew3ngstrikethetipsof-thetailtrailingedge.

Anexpressionisdevelopedfortheliftofa planewing-tailcombina-
tionwhichispitcldngandplunging,andtheassociatedstabilityderiva-
tivesarecalculatedasfunctionsoftheangleofattack.Discontinuities
inlift-curveslope~ andthestabfiityderivativeC% arenoted
forplanewing-tailcombinationswithhightailsifthespsnofthetail
isslightlygreaterthanthespanofthevorticesshedbythewing.

Photographsofthewakeofthewinginthepresenceofthetail,as
observedina watertank,arepresentedfora planetriangularwing-tail
comb-tionwitha hightail.Themeasuredvariationofthelateral
spacingofthew3ngvorticeswithdistanceinthepresenceofthetailis
presentedanddiscussedh connectionwiththeassumptionsoftheanalysis.
Thetailwasfoundtocauseanappreciableinboardshiftofthewingvor-
ticesforthecaseinvestigated.

..-

Itisnowgenerallyreco~izedthatforwing-tailcombinations
tivolvinglow-aspect-ratiowingsendmcxleratetaillengthsitisnot
permissibletoneglecttherollingupofthevortexsheetincalculating

.

. ..- . . .. —_. . ... .. __ ____ _ .—. ——.



2 NACATN3723

wing-tailinterferenceeffects.Sincesuchcasesareoftenencountered
inconnectionwithhigh-sleedairplaneandmissiledesigns,someeffort
hasbeendevotedinrecentyearstothecalculationofwing-tail.titer-
ference,accountinginsamemannerfortherollingupofthevortexsheets.

Exceptforsanenumericalworkintracingtherol~n-upprocess
itself(e.g.,refs.1,2,and3),thedistortionofthevortexsheetis
usuallyaccountedforsimplybyassumingthesheettobefullyroldedup,
andtheemphasishasgenerallybeenonobtainingexpressionsforthe
forcesonthetailintermsofthepositionsofthevorticesshedbythe
* (e.g.,refs.4,5,6,~d 7). IUW48, however,Grb (ref.8)
actuallycalculatedthevariationoftailliftwithangleofattackfor
someplanarwing-tailccmibinatims.Thiswasdonebye~ressingthe
vortexpositionsasa functionoftheangleofattackunderthetwoaltern-
ativeassumptionsofa flatvortexsheetanda-fullyrolled-upvortex
sheetshedbythewing.Grahsm’sresults,whichfortheslendertail
casewereonlyapproximate,showedsomeinterestingdeparturesfromthe
usuaX1.yassumedlinearvariations.Ih1952Morikawa(ref.9)investi-
gatedthe%x*” w3ng-body-tailinterference(whichoccurswhenthe
rolled-upvorticeslieintheplaneofthetail)byrestrict-the
_SiS to@es ofatmcknearzeroandatthesamethe assumingthat
thevortexsheetsarefullyrolledup. Thisavoidsanyconsiderationof
thenonlinearvariationoftailliftwithangleofattack..

Inthepresentpaper,theemphasisisplacedoncalcdatingthe
variationsoftotalforcesandmmentswithanglesofattackandsideslip
fora numberofslenderplaneandcruc3formwing-t&lcombinationsand
forsomeairplane-t~earrangementsofa planewinganda horizontaland
verticaltail.Significantnonlinearitiesarefound,andthesewillbe
discussedinsomedetailwithregsrdtotheir“effectsonthestatic
stabilityofthe%riouscombinations.Theliftofa planewing-tail
combinationwhichispitchingandplungingwillalsobedeterminedand
thevariationofpertinentstabilityderivativeswithangleofattack
willbecalculated.

Thepmbuaryassumptionh thepresentanalysiswil.1.bethatthe
vortexsheetleavestheslenderwingasa flatsheetandbecanesfully
rolledupaheadofthetail.Itwillalsobeassumed,asiscustomary,
thatthetaildoesnotinfluencethepositionsofthevorticesshedby
thewing.Thevalidityofbothoftheseassumptionshasbeeninvesti-
gatedexperimentallybymeansofa watertank,andtheseresultswill
alsobepresentedanddiscussed.
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lift )

rollingmomentaboutx axis.

over-alJ.lengbhofwing-tailccmibination

numberofexternal(free)vortices

pitchingmomentaboutpivotpointx = c=

yam m~entaboutpivotpointx = c=

angularrollingvelocityaboutthe x axis,radians/see

~ pitchiug
radians/see

V+iw

velocityaboutthepivotpointx = c=,

~ W- ~ocity aboutthepivotpoint“x = c=,radians/see.
radiusoftransformedcirclecorrespondingtowingortailcross
section

localsemispanofwingortail

airplanecross-sectionalarea

plan-formareaofwing(areaofonewingofcruciform)

maximumSemispan

maximumSemispan

time,sec

ofwing(at x=c)

oftail(at x = Z)

maximumspea ofvertical‘tailpanel

localspanofuppervertical

localspauoflowervertical

ccmpnentofflightvelocity

componentofflightvelocity
(V.=Uop if p=o)

V.-r(x- cl)

componentofflightvelocity
(W.= -Uoaif p = o)

tailpanel

tailpanel

alongthenegativex axis

alongthe~sitivey axis

alongthepositivez sxis
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distancefromwhgapextopositionimmediatelybehind
trailingedge

Cartesiancoordinatesfixedinthetailasillustrated

wing

in
figurel(a)

distaucebehind

distancebehind

forceh the y

thewingtrailingedge

apexofthetail,xl- d + c’

direction(sideforce)

y andz coordinatesofstarboardrolled-upvortex

angleofattack,radians

angleofattackatwhichtherolled-upwingvorticesintersect
thelinecontainingthetrailingedgeofthehorizontal.tail

timerateofchangeofangleofattack,radiam/sec

angleofsideslip,radians
.

strengthofonerolled-upvortexshedfromthewing

circulationof kth external(free)vortex,positive
clockwise

y+iz

counter-

positionof kth external(free)vortex,yk+ izk

x’—
so

.
fluidmassdensity

complexcoordinateh transformedcircleplane

positionof kth external.vortexintransformedcircleplane

positionof kth externalvortexrelativeto
ro2transformedcircle,ak-—
dk

horizontal-tailthiclmessratio(constantfor
herein)

itsimageinthe

conicaltailstreated
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suBsc!RIFm

I duetovortexinterference

2 tailtrailingedge

T tail(whenusedonforcesandmomentsindicatesisolatedtail)
.

‘m wingtrailingedge

w Whg

SPECIAL

J’ cartourintegraltakenonce
(counterclockwise)sense

R realpart

I imaginarypart

(-) complexconjugateof( )

NOTATIONS

roundthecrosssectioninthepositive

ANALYSIS

Thepresentreportisconcernedwiththecalculationofthetotal
aerodynamicforcesandmmentsexertedonsomeplaneandcruciformslender
wing-tailccmibinationsinsteadyandmaneuveringflight.Thecalculations
willbemadewithinthelimitationsofslender-bodytheoryandwillemploy
thetechniquesdevelopedinreferences10and11. Ihasmuchasitwas
shownintheformerreferencethattheforcesandmomentsarelinearin
thepotential(althoughnotinthemotions),itispermissibletocalculate
theforcesandmomentsduetovortexinterferencealoneandaddthemto
thoseoftheisolatedwingandtail.Consequently,themajorportionof
thisreportwillbeconcernedwiththecalculationof
momentsduetowing-tailinterference.

ItwasshowninreferenceU_thatthecomponents
duetovortexinterferencecanbee~ressedas

theforcesand

offorceandmoment

(1)

-.— —
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(2)

(3)

whereR
EU&,F’
imagesin
the kth

denotestherealpart,p istherateofrollaboutthe x
isthecomplexpotentialduetothew5ngvorticesandtheir
thetail,and Ukr reyresetisthe(complex)distancebetween
shedvortexanditsimageinthetransformedcircleplane.

Evidently,thetwoessentialquantitiestobedeterminedbeforeequa-
tions(1)to (3)canbeap@iedaretheadditionalcomplexpotatislF‘

andthesum
r ‘~kr represent-theimpulseoftheshedvorticesand
k=l

theirimages.

Althoughtheanalysesofreferences10and11empl@eda coordinate
systemwhosex axispassesthroughtheairplanenose,_itcanbeshown
thattheresultsofthoseanalysesaxeunaffectedbya normaltranslation
ofthe x axisprovidedthatthecross-sectionalareasatisfiesthecondi-
tionS=(dS/dx)=0 attheairplanenose.!l!hisconditionissatisfied
bysllthewingsofthewing-tailcombinationstobetreatedinthepresent
_sisj a?lditisconvenimtforourpurposeheretousea coor~te
systemfixedinthetail.asillustratedinfigurel(a).

Itcanbeseenfromequation(1)thatforsteadystraightflight
[p=(a/at)= O]theinterferenceliftandsideforceareindependentof
theplanformsofthewtngandtail.Conse~entl.y,thecalculatedcurves
ofsteadyliftandsideforcepresentedinthisreportareforslender
wingsandtailsofarbitrarypl.anformexceptthattheirtrail- edges

. . .—-— .. ..— .—. -.-.—— .—— —. - -—
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mustliefimlanesnormaltothe x axis.Ontheother

NACATM3725

hand,eqw-
tions(l),(2),and(3)shuwthattheMPt andsideforceinunsteady
flightandthemomentsinsteadyflightrequireintegrationsoverspeci-
fiedplanforms.Thecalculationsofsteadymomentsandofunstea.~
liftpresentedh thisreporthavebeencarriedoutfortriangdsrplan
formsonly.

STEADYSTRAIGHTFLIGHT

Inthisportionof
and(2)tosteady
twotermsofeach

theanalysisweshellspecializeequtions(1)
straightflightbysettingp = (bfit)= 00 Thelast
ofthese

P3ane

equationsarethuseliminated.

Wingand(k’’llCifOZT?lTail.

Formostofthewing-taid.conibinationstobetreatedhere,thewing
istakenasa planar,slender,pointedthinwinghavingitsmaximumspan
atthetrailingedgewhichisassumedstrai@t.Inallcases,thetail
isconsideredrigid2yattachedtothewing.Itisalsoassumedthatthe
vortexsheetleavesthewingasa flatsheetatthetrailingedgeand
becomesfullyrolledupintotwoUscretelinevorticessomewhereahead
ofthetail.

Itisfurtherassumedthatthetaildoesnotinfluencethevortex
positions.Thevalidityofthisassumptionhasbeeninvestigatedeqeri-
mentellyandwillbediscussedina latersectionofthisreport.For

Rolled-upvortices
e

Uo<
t —-#—— “ —-—.

Sketch(a)

suchcases,thenitcanbeseenfromsketch(a)thattheverticalposi-
tion Z1 ofbothvorticesrelativetothehorizontaltailisgivenby

wherethe&e
two-dimensional

z.=(*-e)x~-iq-

c is eas~ computedby
vortexpairplacedatthe.

(d-Xl)i~ (4)

calculatingthevelocityofa
centroidsofvorticityofthe

..
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.

wing. Sincethisprocedureplacesthevortices(YC/2)Soapart,dueto
theellipticcirculationdistributionwhichisunaffectedlysideslip)

[theanglee isfoundtobe equalto 2/3c2)~.Itshouldbementioned
thatthepositionscalculatedinthiswayareingoodagreementwith
thoseobservedexperimentallybehinda wingalone,aspointedoutin
reference12,eventhoughthedetailsoftherollinguphavebeenignored.
Thelateralpositions(inbodyaxes)areevidently

~sYl=40~@l; Y2 =-&30-1% (5)

wherethesubscripts1 and2 on y refertothestarboardandportvor-
tices,respectively.Thusthepositionsofthetworolled-qpvortices
ata distancexl behindthewingarecompletelydeftiedby

&=y=+iz==fso-
{ [ ( -$)+i’1}~ (,,

i(hT+di’)-Xl&i~ 1

c2=Y2+%=-&o- { [(-*)+4}J
i(h’+di’)-x~~-i~ 1

ThemagnitudeofthestrengthI’ofeachoftherolled-upvortices
isobtainedbyequatingtheimpulseofthevortexpairtotheliftof
thewing,thatis,

pu# : so= & = Ytpuo2a@o=

or
r = 2uoa#30 (7)\

Itisnotedthatforthefullyrolled-upvortexpairm = 2 and
r=s -r=s -I’(seesketch(b)). Finally,inordertocalculatethe

-s

2rl=r
●

1

-t=
‘.

—

s

-rc●cr2
-r

3
ro2.—
7=

‘o

Sketch(b)

--.— .— — _ ..._ ._. .
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m
sum

I
rkakr,the

(leak=theflow

transformationof the tail cross sectiontoa circle

fieldatinfinityunchanged)isreqtied.Sucha
transfomationfortheclassofcrosssectionsshown-insketch(b)is
giveninreference10as

(8)

and
h+fro=— 4

where

sothattheinversetransformationrelatingthevortexpositionsinthe
twoplanesis

uk=-
i[(i-- &=Ti2pm+ -

&(pT?-J=+&7q2+[Ji%F+dqj
(9)

tiwritingthetransformationinthisform,werequirethatsquareroots
ofcomplexquantitiesbeevaluatedinthemannerofthea~ndix. The
propersignsarethusautomaticallytakencareof..

m
Thesum

I
r~kr cannowbedeterminedfromeqyatio~(7)and(9)

k=l
ifitisrecalledthat

(lo)

Withtheexpressionforthissum,then,alltheforceandmomentcmpo-
nentsexcepttherolliggmomentcanbecalculateddirectlyfromeq..-
tions(1)and(2)forthewing-tailcaitdnationsdiscussedabove.It



u.

willbenotedthattheabove

developedonlyforthefully

~ressicmsforthesum
L ‘k~krhavebeen

k=l-
rolled-upvortices.However,betweenthe

wingandtail,sincethereisnobody,the@@se PUO
L ‘kakrisinde-
k=l

pendentofthewakeshape,beingalwaysequaltotheliftofthewhg.
Therefore,ithasonlybeenassumedthatthevorticesbecomefullyrolled
upsomewhereaheadofthetail.

w Thefollowingparagraphswillbeconcernedwiththeactualcelcula-.
tionsrelatingtothelongitudinal.,directional,andlateralstabilityof
severalwing-tailcombinationsfallingintothecategorydiscussedinthe
foregoinganalysis.

J
Thedeterminationoftheintewal- F’d(~~)willbe

camiedoutinthediscussionoflateralstabilitysinceitarisesonly
inthecalculationoftherollingmoments.

Longituti stability.-Sincetheverticaltailhasnoeffectunthe
purelylongitudiml(~= O)aerodynamiccharacteristicsofthew@-tail
combination,wecanforthisdiscussionset tl= tz= O>therebysimpli-
fyingthecalculations.tifact,sinceequation(8)thenreducestothe
Joukowskytransformation,theadditionofellipticalthicknesstothe
horizontaltailoffersnodifficultyandwillbeincorporated.Thusthe

..

r

expressionfor
teristicswZU

~k tobeusedfor‘ticulatingthelo&itudinal.CharaC-
be (seesketch(c))

Sketch(c)

-r In

..—- . .——- —— .-.—--—.— .— ————.———.. _ .
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. (U)

and
s+b

‘o=— 2

The thickness ofthetailwillbekeptsmsKlinthecalculations,inview
oftheassumptionthatthetaildoesnotaffectthevortexpositions.
Thewing-tailconibinationstreatedh thissectionwillhavethegeneral
appearanceshowninfigurel(b).Thewingisshownasa triangularflat
plateandthehorizontaltailisshownasa thinellipticconesincethese

.

assumptionswillbemadeinthecalculationofthepitchingmoments.
However,theywilJnotbemadeforthecalculationofthesteadylift
sinceequation(1)showsthattheinterferenceliftandsideforcein
steadystraightflightareindependentofplanform.

E?itisnotedthat,duetosytmuetry(seesketch(c))Cz= -Fl,the
2

sum
I ‘kUkroverthetailcanbewrittendirectlyas

,=1

‘3 / \ /\
L‘kUkr (

sr=u=r+ r=62r -
- )= ‘Rk’r)

=r IJ=r+ C=r (12)
,=1

Butfromeqpations(10)and(I-1)we have

soequation(12)becomes

,=1
Nk=2- (S2 - b2) ( )[-~- f)=-&=2- (S2 - b2)

1}

(14)
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Returningnowtoegyation(1)wehaveforsteadystraightflight

and,byvirtueofsynmetryfor j3= 0,theinterference
vanishes.(Thisalsofollowsfromeq.(14)whichshows
sumsarereal.) TheinterferenceliftL1 isgivenby
theimaginarypartofequation(15).

sideforceY1
thattheabove
thenegativeof

(16)

whichcannowbeevaluatedfromequations(6),(7),and(14).Thatis,
fromequation(6),E(~=)= (fi/4)soforaid-x andwenotethatitume-
diatelybehindthewing s =b = O. Thusitfollowsfromequations(7),
(14),and(16)&t

%= 4
[ IV1-:sq ,171

PU02CW0R Clz
1- (b/s)l

wheres= isthesemispanofthetail.atitstrailingedge.Thequan-
titY c~z givesthepositionofthestarboardvortexat x = Z andis
evaluatedfrcmequation(6)by settingP = O andx== d. Thetotalltit
ofthewing-tailcombinationisobtainedbyaddingtoeqution(17)the
liftsofthewingandtail.aloneasgivenbyslender-bodytheory(see
eq.(7)).!lheresulthge~ressionfortheliftmefficient$basedm
theareaofthewing,is

~=$Aw(*+~3

anditcanbeseenthat,totQeorderofthepresentanalysis,tail
thicknessaffectsthelifto& ifthetailhasa blunttrailingedge.
Theprocedureforcalculatingtherealpartofthesquarerootwithout
ambiguityhasbeendiscussedinAppendixB ofreferenceI-1.

.

.-. ... . . .... ...— — ———— —. .-— .. ——. --—.- .—.
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=- useofthes~e substitutionsinequation(2)aswereused
ineqution(1)fortheinterferencesideforceaudltit,onefindssimi-
larlythattheinterferenceyawingmomentvanishes(for~ = O)andthat,
afterintegrationbyparts,theinterferencepitchhgmomentaboutthe
pivotpointx = c= canbeexpressedas

providedthatb/s isconstantoverthetail.=Tnthisexpressionc’
isthechordofthetail.and x’ isdistancealongthe x axismeasured
fromtheapexofthetail.Nowletuschoosethepivotpointtobe
cl=2/3c andtheplanformsofwingandtailtobetriangular.Then
thetriangularwingcontributesnopitchingmoment,andifweaddthe
knownpitchingmomentoftheconicaltailaloneasgivenby

I@ = -I++;-;)=-muo’cqs++;-:) (20)

theresultingexpressionforthetotalpitching-momentcoefficient,based
onthewingarea Soc andthewingchordc is

1 1

(a)

Theintegrationindicatedinequation(21)ismosteasilycarriedoutif
therealpartistakenaftertheintegration.Withthisinmind,then,
weobservethatthevariablex‘ isrelatedto x= by (seefig.l(b))

%he corresendingexpressionforarbitrarychordwisethickness
rdistribution(bs # const.)canjustaseasilybeobtainedinthesame

-~ butthecsJ-c~tedrestitswill.dependontheparticularshapechosen
andtheintegralswillingeneralhavetobeevaluatedbynumericalor
graphicalmethodsforeachease.

.

.2

.
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xl=x’+ d-c’ (22)

andthatfortheconical.tail s/s.= (fL@)(x’/so) andb/s isconstant.
Hence,bymeansofequation(6),thecomplexsqwe rootintheintegrand
canbeexpressedas

m=mm=fi (23)
where

‘={f+i[%(l-5)(%)-Y:T’)lr
c‘[*(1-a+i’lb”‘(’-M%+cwol}’24)
‘=-[-(%i)+i’lwva
andtheintegralineqwtion(21)canbeexyressedintheform

[
1 R(21E+C)lR& - I(2DE+C)I~+‘G

whereE= (x’/so).Nowifanyofthetermsinthis
discontinuitywith theintervalofintegrationthe
dividedatthatpoint.Suchdiscontinuitieswillin
rolled-upvortexpassesthroughthehorizontaltail.

(25)

expressionhasa
integralmustbe
factoccurifthe
Thisoccurrence

.—.-— —~. .— .— .— . . . .. -— .— --———— - —



16

wild.bediscussedlaterfromthephysical
momentweneedonlytorecognizethatthe
situationis(fora trian@artail)

NACA9N3725

pointofview,butforthe
mathematicalexpressionofthis

. .

‘1= O for ~<~<~ 4’
AT-so-so (26)

wherez= isgivenbytheimaginarypartofeqpation(6).me variations
of nfi andl& fora typicalcaseinwhicheqpation(26)issatisfied
areshowninsketch(d)anditcanbeseenthatat ~ = go(thevalueof ‘
x’/so atwhich-z= iszero)therealpartofthesquarerootvanishes
andtheimaginaryparthasa discontinuity.

Thus,
rootat 5

makinguseofthe
= Eo,andwriting

L
‘\\

\
‘\

Sketch(d)

contiguity,oftherealpartofthesquare
outtherealandimaginarypartsofthe



logarithm,weu finallywriteequation(25)h theform

Ri#) (
[1

)I JLtefi++a $I(fi+h5+ cT
tan-l + 21M

( )R4Z+N5+$
E& - 1)5.+

(26a)

where G is identicalwiththequantityIn thebracketsof equation(25)andthesubscripts
5.-and go+ refer,respectively,to valuesImmadlatelybeforeandaftertheUsconttitity● m V’ZJ.W

of n (anintegeror zero)is determinedby thefactthattheresultingexpressionforthelntegreJ-

1( )Eti+dE+2~ .

El

mustbe a continuousfunctionof ~ sinceB,C,andD arecontinuousfunctionsof w.

Calculatiaushavebeencarriedoutby meansof equation(1.8)sndequaticms(21)through(%a)to ~
determinethetotalliftandpitching-mcmentcoefficientsof a numberof wing-tallcombinationsaf the
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typeshowninfigurel(b).-Itcanbeseenfromeqpations(18)and(21)
(recaU.ingeg..(6))thatthetheoreticalltitandpitchingmomentsre
nonlinearfunctionsoftheangleofattack~. M viewofthisfact,
itseemsappropriatetopostponetemporarilythecalculationofstability
derivativesandtocalculateinsteadtheactualvariationsofforcesand
momentswithangleofattack.Forthepresentcalculations,theaspect
ratioofbothwingandtail.waschosenas2 h allcases,andtheeffects
ofhorizontaltailheight~, tail-span-to-wing-s

T
ratios=/so,tail

incidenceiT,horizontal-tailthicknessratiob s,andtaillengthd
havebeeninvestigated.Thecalculatedresultsarepresentedinfigures2
to6 andtheliftcoefficientsaredividedby(Yr/2)Awsinceequation(18)
showstheliftcoefficienttobelinea&’withrespecttothewingaspect
ratioAw. Thepitchingmamentsarenonlinearin Aw sinceeqpation(21)
containsproductsof Aw with d/candc’/cwhicharethemselvespropor-
tionalto Aw sinceallquantitiesarespecifiedintermsofthewing
Semispanso.

Theeffectofhorizon~-tailheightontheliftandpitchingmoments
isillustratedinfigure2forzerotailincidenceandzerotailthiclmess..
Itcanbeseenfromequation(17)thatfor bfs= O,theinterferencelift
becomesegpal.andoppositetotheltitofthewingM E~- = 0.
Thisconditionissatisfiedif ~=z isrealandlessthan s=,thatis,
iftherolled-upvorticesfromthe-wingjustintersectthetrailingedge
ofthetail.b figure2,thetailheightshavebeenchosensothatthis
situationoccursatsimplevaluesof ~, anditcanbeseenthat,in
eachcase,atthatangleofattackthetotalliftiseqyeltotheliftof
thetailalonewhichisequaltotheliftofthewingsincethetailspan
isegyal.tothewingspan.Itwouldappearfromfigure2 thatunlessthe
horizontaltailisplacedeitherlow(~ SO) orveryhigh,theliftand
pitching-momentcurvesareapttobehighlynonlinear,evenintherela-
tivelylowpositiveangle-of-attackrange.Severestaticinstability
precedesthe“critical”angleofattack(theangleofattackatwhichthe
wingvorticesintersectthetailtrailhgedge)andabruptchangesin
bothlift-curveslopeandstaticstabilityareobservedatthecritical
angle.

Whilethesharpbreklssintheliftandpitching-momentcurvesindi-
catedbythetheorywill.nodoubtbesmoothedoutsmewhatinactual
flightthrougha realfluid,itfightbewelltoconsiderthesignifi-
canceofthecriticelangleofattackdescribedabove.First,the
existenceofsucha vdd.-definedcriticelangleispredicatedonthe
assumptionthatthevorticesshedfromthewinglieina horizontalline
whenviewedinplanesx = const.,thatis,thatthevortexsheeteither
remainsflatorisfullyrolledupaheadofthetail.b sucha case,
thetailexperiencesa maximumdownloadwhenthelinecontainir@its

21tmustbenotedthattheequationsalsoshowtheliftandpitching
momenttobenonlinearwithrespecttoalloftheparametersinvestigated
inthecalculations.Thecalculatedeffectsoftheseparateparameters
arethereforenotadditive.

.-
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trailingedgeintersectsthevortices,asthetailisthenh a maxhmun
downwashfield.Sucha criticalanglemightbethoughtofasa local
stallanglefortheairplaneandwillbepredictedbythetheoryforall
slenderplanewing-tailcanbinationswhosewingandtaildonotliein
thesameplane.Itmightbesaidthatifthewingandtaillieinthe
sameplane,thecriticalangleiszero,butsincethedownwashisthen
alsozero,theanglehaslittlesignificance.

Thecriticalangleofattackcanbecalculateddirectlyfrcmequa-
tion(6)bysettingZ1(i.e.,theimaginarypartof Elor~=)tozero
at xl= d. Thusonefinds

IIT/so

‘r=(d/so)[l- (2/+)1
(27)

forthecombinationstreatedin thissection.Evidently,then,~r
dependsontheratiooftailheighttotaillengthandwi12.bepositive
ifthetailisabovetheplaneofthewingandnegativeifthetaillies
belowtheplaneofthewing.Fortheformercase(hightail),thetail
willexperiencea maximumdownload,causinga peakpositivepitching
moment,whileforthelattercase(lowtail),thetailwillexperiencea
maximumupload,causinga peaknegativepitchingmoment.Thesetwotypes
ofcasesareclearlyseeninfigure2. Thecriticalangleofattackcau
ofcoursebemadelargerthanthestallangleofthewingitselfby
placingthetailveryhigh.Infigure2for ~/s. =1.9137,forexsmple,
theliftandpitching-mmnentcurvesremainfairlylinearuptoanangle
ofattackofabout10°. Itshouldbementionedwithregardtotheabove
discussionthat,ifthevortexsheetisonlypsx%isllyrolledupatthe
taillocation,thevorticesdonotlieina horizontallinethere,the
criticalangleofattacklosesdefinition,andtheliftandmomentcurves,
althoughnonlinear,wild.notexhibitthesharpbreaksdiscussedabove.

b figure3,theratiooftailspantowingspanisvariedfora
giventailheight.Itcanbeseenthattheliftandpitching-mcment
curvesexhibitsharppeakswhentheratiooftail.spantowingspan
becomeseqpaltoorslightlygreaterthan fi/4(theratioofvortexspan
towingspan).Thatis,onceagain,thecurveshavesuddenchangesin
slopeifthewingvorticesstrikethetailtrailingedgenearthetips.
Thus,itmightbesaidthatthereisa criticalratiooftailspanto
wingspanaswellasa criticalangleofattack.However,itshouldbe
pointedoutthatthespecfiicvalueof Ye/4isa consequenced several
assumptions;nsmely,(1)thatthevorticesare.fullyrolledupaheadof
thetail,(2)thatthetailhasnoinfluenceonthevortexyositions,
and(3)thatthetrailing-edgecrosssectionofthetailisfullyeffec-
tiveindestroyingthedownwashfieldofthewing,eventhoughthechord
ofthetailvanishesatthetips.Thislastassumptionisassociated
withtheslender-bodyassumptionthattheflowinplanesx = const.
isessentiallytwo-dhensional.

Thesignofthepitch- momentatthecriticalangleofattackcan
bedeterminedfromtheratiooftailspantowingspan,protidedthis

——.. ...——. — — . ..— ..—— — —..—-.————— --—
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ratioisequaltoorgreaterthan
beenpointedoutthattheliftof
criticalangleofattackisequal
geometricangleofattack,ifthe
vortexspan.!i!herefore,thelift

thecriticalratio.Ithasalready
theplanewing-tailcombinationatthe
totheliftofthetail.aloneatits
tailspanisatleastasgreatasthe
onthetailoftheccmkd.nationi~eqpal

tothedifferencebetweentheliftsoftheisolatedtailandwingat
theirgeometricanglesofattack.But,accordingtoslender-wingtheory,
theseliftsdependonlyonthemaximumspansofthewingandtail.Hence.
itcanbeconcludedthattithespanofthetail.islessthanthespanof
thewing,theliftonthetailatthecriticalangleofattackisnegative
andthepitchingmomentoftheccmibinationisthereforepositive.Since
itwasstipulatedabovethattheratiooftailspantowingspanwas.
greaterthanthecritical.value,theconclusionisthatfor ~~~< 1,
thepitchingmomentatthecriticalangleofattackispositive.8nthe
otherhand,ifthetailspanisgreaterthanthewingspan,thelifton
thetailispositiveat a = @r, SOthepitchingmomentofthecombina-
tionisnegative.Finally,if sl/130= 1,theMft onthetail.,and
hencethepitchingmomentoftheccmibination,vanishesatthecritical
angleofattack.

Theaboveconclusionsmaybesummarizedscbnaticallyasshownin
sketch(e).Itcanbe~eenthatinthefirstcasetherearethreetrim

+

%

+

%

a--ma

z< =<1 ‘1>1 S1- >
4-s0

—= 1~ ‘o

Sketch(e)

points,twostable,andoneunstable;inthesecondcasethereisonly
onetrimpoint,w%ichisstable;andh thethirdcasetherearetwotrim
points,onestableandoneneutrallystable.Intheabovediscussion,
thetailincidencehasbeenassumedtobezero.Ithasalsobeenassumed
thatthepitchingmomentofthewingaloneiszero,whichisthecasefor
all.thecombinaticmstreatedinthispaper.

Theeffectofchangesintaillengthontheliftandpitching-moment
curvesisshownh figure4 fortwotailheightswiththetailatzero
incidenceandthetailspanequaltothewingspan.Forzerotailheight
(fig.4(a)),thepredominanteffectofincreasingthetaillengthis
a~ently thelargerpitc~ momentsduetotheincreasedleverarm.
However,theliftonthetailata givenangleofattackissLsoseento .
increasewiththetail.le@h. !l?hisisduetothegreaterverticaldis-
tancebetweenthetailand-
ofwing-tailinterference.

thew@g vortices,which-results‘ina reduction
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Forthecaseofa given
themostobviouseffectofa
changeinthecriticqlangle

nonzerotailheight(fig.4(b),hT/~=0.9%8),
changeintaillengthisa corresponding
ofattack.Itcanbeseenthatreduchgthe

taillengthratiod/s.from6 to4 increases~r from0.20to0.30,
aspredictedbyequation(27).Nowitisinterestingtocomparefig-
ure4(b)withfigure2 inwhich~ waschangedbya changeintail
heightwitha fixedtaillength.Letussay,forexsmple,thatwestart
witha wing-tailcombinationhavingd/s.= 6 and~ = 0.2,andwewish
tOShift~r tO0.15.A cmparisonoffigures4(b$and2 showsthat,
ifthisshiftisaccomplishedbyincreasingthetaillengthratioto8,
theresultingpitchingmcmentsareabout~ percentlargerthanM itis
accomplishedbyloweringthehorizontaltail.

Infigure5,thetail.incidenceisvariedattwodifferenttail
hei tsfora fixedtaillength(d/s.= 6)anda fixedspanratio

?(SZso= 1). Itcarlbeseenthatfor hT= O (fig.5(a)),theliftand
pitching-momentcurvesareshiftedlinearlyupanddownwithtailinci-
dence.Sincethecurvesareslightlynonlinearintheangleofattack,
however,theresultisa slightlynonlinearvariationoftrimliftcoef-
ficientwithcontrolsetting(foranall-mombletail).NowM thetail.
doesnotlieintheplaneofthewing,(~/s.= 0.9568,fig.5(b)),the
non.1.inearitiesintheliftandpitching-momentcurves,andhenceiu
controleffectiveness,becomemorepronounced.Itcanbeseeninfig-
ure5(b)thatthechangeh trimangleofattackfrom ~ = O to~ = -0.1
ismorethentwicethatfrom iT= +0.1toiT= O. Also,thereareevi-
dentlyincidencesettingsbetweenO and-0.1forwhichtherewillbethree
trimanglesofattack,asintheprecedingdiscussion.

Theeffectoftailthiclmessisshowninfigure6 andtheeffecton
theliftandpitchingmomentforzerotailheight(fig.6(a))isseento
be smellfortheconfigurationchosen.However,thereisa consistent
decreaseintailliftassociatedwiththeincreaseoftailthickness.
Forthehigh-tailcase(fig.6(b)),thiseffectisma@fiedat positive
anglesofattack,withtheresultthatthenonlinearitiesduetotail
heightincreasewithtailthickness.Itshouldberecalledthatthetail
thicknessintroducedhereisofa veryspecialt~e (ellipticconetail)
andincorporatesa blunttrailingeke. Thepresenttheorywoul.dpredict
noeffectofthicknessontheliftandonlya smelleffectonthepitching
momentifthetailtrailingedgeweresharp.Ontheotherhand,ordinary
slender-bodytheory(i.e.,withnowing-tailinterference)wouldpredict
noeffectofellipticthicknessoneithertheldftorthepitchingmoment,
regardlessofwhetherthetrailingedgeisbluntorsharp(seeref.10).

Directionalstability.-lnthisportionoftheanalysis,theempha-
siswillbeontheeffectivenessoftheverticaltail,andweturntoa

.

.
. .- . . ..——-- .—— -. -- —.. — —.
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somewhatmorespecislclassofwing-tailconibinationsasshownin
sketch(f)althoughtheplanformsneednotbetriangular.Thuswelet

Sketch(f)
t~ = b/s= O. Theinversetransformaticmofequation(9)thengivesthe
vortexpositionsinthe a planeas “

and Ck isagaingivenbyeqpations(6).Now,bydirectsubstitution
intoequation(10)withtheauxiliaryformulasofequation(8),itcan
beshownthats

%he actualevaluationoftheimaginarypsrtofthesqpareroot
indicatedineq.zation(29)isnotentirelystraightforwardifambiguities
aretobeavoided.Consequentlytheprocedureisgivenintheappendix.
Takingtherealpartofthesimplersqpareroothasbeendiscussedin
AppendixB ofreferenceU.
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. 0R Ukr

()I ~kr

andwith

partsof

(29)

theseexpressions
n

thesum ) ~kr

onecaneasilywritethereelandimaginary

fromwhichtheinterferenceliftandside
U
k=l

forcecanbeobtafieddirectl.ybymeansofequation(15).Itcanbe
seenfromeqpation(29)thattherealpartoftheabovesumisinde~end-
entof tl,soitfollowsfrm equation(15)thatthefiterfer~ceIfit
isindependentofthesizeoftheverticaltail,evenfor p+o.

Theliftofthe- aloneisgivenbyegpation(7)andtheside
forceandliftofthetailalonearegivenby (seeref.10)

[(Yrf-iLp@Jo2 g s=+- d===) - %+ (3°)

Thissideforceandllftwhenaddedtoequation(7)andtotheinterfer-
enceforcescalculatedbymeansofequations(15)and(29)yieldthe
totalsideforceandliftonwing-tailconibinationsofarbitraryplan
formofthetypeshownh sketch(f)atcmbinedanglesofattackand
sideslip.

Calculationshavebeencarriedoutinthismannertoobtdnthe
variationsofsideforceandl&Ptcoefficients,basedonwingarea,with
angleofattackandsideslipforseveral.verticaltailsizeswithzero
tailheightandtailincidence(~ = ~ = O). Thesecalculationswere
madeotiyforoneratiooftail.= to~ .= (s~~.o= 1)ad me
taillengthratio(d/s.= 6)inasmuchastheeffectsofthese~ameters
maybesurmisedfrcmthepreviousdiscussiononlongitudinalstability.
!l?heresultsarepresentedinfigures7 and8 intheformofforcecoef-
ficientsagainstsideslipangleforvariousanglesofattack.Itcanbe
seenfromfigure7 thatattheverysmallanglesofattack,theside
forceislinearwithrespecttotheangleof-sideslip.IJhfactthevalues
oftheslopestherearegivenbyordinaryslender-bodytheoryforthe
tailslone.Atsamewhatlargeranglesofattack,however,thecurvesare
qtitenonlinearanditwillbenoticedthattheangleofattackatwhich
thecurveismostnonMnearincreaseswiththetailsize.Itcaninfact
be shownthatthemostseverenonlinearitiesoccuratsuchanangleof
attackandsideslipthatoneoftherolled-upvorticesfranthewing

.. ..— —. ._... — —.. — —.—— ..-— — ——-—— — — -
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strikesthetipoftheverticaltail,sinceinthatsituationthevertical
finexperiencesa maximumsideforceduetothevortex.Theanglesof
attackandsideslipcorrespondingtothisconditionaregiven,according
tothepresenttheory,byequations(6)ifweset ~=or~= equalto
it.atxl= d. Thuswefind

X/k (to/so)+(q/so)
p=*—” a=

d~so‘ (d/so)(1- 2/n%)
(31)

b ordertofacilitatethefairingofthecurvesinfigure7,the
angleofsideslipgivenbyequation(31)wascalculatedforthecases
showninthefigure,andthecorrespondingsideforceswerecmputed.
ItwiU benotedthatiftheangleofattackislessthanthatofequa-
tion(31),thenonevortexstrikesthetrailingedgeoftheverticaltail
attheangleofsideslipindicatedinequation(31),thuscausinga sharp
peakinthevariationof ~ with ~. Ontheotherhand,atanglesof
attackhigherthanthatofeqpation(31),thevortexpassesabovethe
verticaltailendthevariationofsideforcewithangleofsideslipis
smoothalthoughnonlinear.Infigure7(b)weseea verysharppeakin
thecurvefor a = 0.20whichcorrespondshost exactlytotheangleof
attackindicatedbyequation(31)forthevertical.tailsizeto/s== 1.0.

Anotherimportantpointregardingfigure7 canbeseenbyobserving ,
thevariationoftheslope(aCyfi~)~=o withangleofattack,sincethis
quantitygivesa measureofthedirectionalstability;thatis,since
theverticaltailliesbehindtheprobablecenterofgravityoftheair-
plaue,a positiveCy correspondstoa negativeC&P whichisunstable.
~us itcanbeseenf!cmtheslopesthroughtheorigininfigure7 that
increasingtheangleofattackhasa destabilizingeffectforanglesof
attackbeluwthevaluegiveninequation(31).Itshouldbementioned
herethat,accordingtoslender-bodytheory(nointerference),thesta-
bilityderivative(aCyfi~)P=oisindependentoftheangleofattack.

ll?hevariationofliftcoefficientwithangleofsideslipisgivenin
figure8 forvariousan@esofattack.Aswasmentionedearlier,thelift
isMependentofthesizeoftheverticaltail.Itisobservedthatthe
liftisa minimumat$= O duetothefactthatthehorizontaltailis “
theninameximumdownwashfield.Again,theeffectofsideslipisfelt
onlyatthetail,soitcanbeconcludedthatat ~ = O thepitching
momenthasa positivemaximum;hencesideslipphgproducesa nose-down
pitchingmoment.

b ordertoseea littlemoreclearlytheeffectofangleofattack
ondirectionalstability,approximatecalculationshavebeenmadeofthe
derivative(a~fi~)~=o atvariousanglesofattack.Itcanbeseenfrom
equation(2)thata detailedcalculationoftheyawing-momentvariation
andsubsequentdifferentiation.withrespectto ~ wouldbevirtually
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impossiblebyanalyticalmeansinviewof
eqpation(29).Consequently,ratherthan

25

thecomplicatedexpressionof
performinglaboriousnumerical—

csll.culationsandmeasuringslopesgraphically,weshallsimplyassume
thatthecenterofpressureofthetail.isunaffectedbythewingvortices
andliesalwaysatthe2/3-rootchordofthetail.AHence,sincethe
flat-platewingexperiencesnosideforce,thederivative~ isgiven
approximately(forc’/c= 1 andd/so= 6)by B

wheretheyawi
3
-mcmentcoefficientisbasedonthewingspan2s0 and

theslopes(ah 13)~=o aremeasuredonfigure7. me resultingvaria-
tionsof ~

$
withangleofattackareshowninfigure9 anditcanbe

seenthatanincreaseinverticaltailsizeprovidessubstantialincreases
indirectionalstabilitybutthatthedirectionalstabilitydiminishes
considerablywithincreasingangleofattack.Forthecasescalculated
(%/% = 1),itisobservedthatatabout10°angleofattackthesta-
bilitycontributedbya verticaltailthessmesizeasonepanelofthe
horizontaltail(to/sl= 1.0)isequaltothestabili~contributedby
a vertical.tailonlyhalfthatsizeat a = O.

Aswasmentionedearlier,a negativevalueof ~ indicatesdirec-
tionalinstability,butinnocasehasa negativevalu~beenshowninthe
abovefigures.Itmightbewelltoconsidernowthelikelihoodofsuch
aninstability.Firstitwillberecalledthatthestrengthsandposi-
tionsoftherolled-upvorticeswerecalculatedundertheassumptionthat
thecirculationdistributionatthewingtrailingedgeiselliptic,as
predictedbyslender-bodytheoryforlowanglesofattack.b orderto
gainsaneideaoftheeffectofchangesincirculationdistribution,it
wasassumedthatthecirculationdistributiontendstowarda triangleat
thehigheranglesofattack,asdoes!thespanloadingat ~ = O according
tolow-speedexperimentsontriangularwings.Thus,keepingthesame
liftonthewingasbefore(eq.(7)),witha triangdarcirculationdis-
tribution,thelateralspacingofthevorticesbecomesequalto so and
thestrengthsthenbecomeinthesamemannerasecy.uxtion(7),

r = nuoaso (33)

4Asa roughcheckonthisapproximation,thepitchingmomentswere
csll.culatedinthismannerforseveralspanratioswith @/s. = 0.9568,
d/s.= 6 andwerecmrparedwiththoseshowninfigure3. Theaverage
errorforthesecaseswasoftheorderof10percentfortheanglerange
calculated.Forshortertail.lengths,theerrorwillofcoursebelarger.
Itshouldbenotedthatwiththisapproximationthedependenceofthe
momentsuponplanformiscontainedinthechoiceofthecenterofpres-
sureofthetail.Thechoiceofthe2/3-rootchord-impliesa trimgular
tail.‘

—-- - --— — —-. — .—.. - -—- .—.
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Usingthisstrengthandspacing,then,thevariationsof CyandCL
with ~ for tojsl= 1 wererecalculatedat u = 0.24andtheresults
aregiveninfigures7(b)and8. Itcanbeseenthatthischangein
circulationdistributionhas_ied theeffects0$?sideslipandhas
produceda decidedlyunstablesideforceslopeat ~ = O. Theeffecton
thevariationoflift,however,issmall.

Onan actual airplane ormissile,a longfuselagewhosenoseiswell
aheadofthewingwouldfurtherreducethedirectionalstability,although
nocalculationsofthiseffectcanbemadeherebecauseofthecomplicated
influenceofthefuselageonthepositionsofthevorticesatthetail.
!ChUSitcanbeseenthatthecurvespresentedinfigures7,8,and9 are
probablynotundulypessimistic.

Aswasmentionedpreviously,thegreatestlossofdirectionalsta-
bilityduetowing-tailinterferenceissufferedwhentheaugleofattack
issuchthatatsomeangleofsidesliponevortexstrikesthetipofthe
verticaltail.Thesignofthisangleofattackcanbereversedsimply
byinvertingthetailassemblyasshowninsketch(g).Withthisarrange-
ment,thelossofdirectionalstabilitycanmoreeasilybemovedoutof

10sketch(g)

theflightrangeofangleofattack.!Checalculatedcurvesof.CnB
a~st angleofattackareshowninfigure9 andareseentober&flec-
tionsaboutthe a = O axisofthecurvesobtainedwiththeverticaltail
abovethehorizontal.Thearrangem&tshowninsketch(g)hasobvious
disadvantagesinotherrespects,ofcourse,asforexamplea negative
dihedraleffectandcomplicationsofthepracticallandinggearproblem.

_— -.—. —
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Lateral.stability.-Jht~s portionoftheanalysisweshsllbe
concernedwiththevariationofrollingmomentwithsideslipangleat
variousanglesofattack.Accordingtoeqyation(3),theinterference
rollingmomentinsteadystraightflightis .-

-x=%+ ‘TE k=l

(34)

partofthehrtegral.
J
F’d(~~)istobe

x=%” Itmustbenotedhere,however,
tobeperfomedrounda contourenclosingnot

X=2

anditisseenthatthereal

evaluatedat x = Z andat
thatthecontourintegralis
onlytheaiz@anecrosssectionbut-alsothestreamsurfacesformingthe
vortexsheets.Thisisbecauseofthedevelopmentinreferences10andIl.
where(a)theboundazyconditionrequiredthatthecontourofintegration
becomposedofstresmsurfacesand(b)itwasdecidedtoencloseallthe
externalvorticeswithinthecontourinordertoshuplAfythetreatmentof
theanalyticintegrals.Here,sincethenonanalyticintegrandcontains
logarithmicsingularitiesoutsidethebody,therewillbea contribution
totheintegralalongthebranchcutsrepresentingthevortexsheets.

Toillustratetheap@icationofequation(34),we shaJJ-confineour
attentiontoflat-platewingsandsynmetriccrucifomntails,asshownin
sketch(h).Theplauforms,huwever,neednotbetriangular.b the

s,

\
“\

e-r \,
Sketch(h)

. .—-——.— .-—. —-
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presentcase,sincethe
thereisa vortexsheet

externelvorticesarise
comontobothvortices

potentialdiffersbya-constant,namelythe
sincethesignof d((~)isoppositeonthe
tothenonanalyticintegralalongthiscut,
foundtobe

J’R Ftd(~~)= R
I
- rd(~+ Z2)

vortex K=L2sheet

IJACATN3725

froma sepsxatewing,
andacrosswhichthe

circulationr. Therefore,
twosides,thecontribution
regardlessofitsshape,is

s -r(y12+ 2=2- 3T22 - 222) = -r(y=z-Y22) (35)

sincefromequatians(4)and(6) z== Z2.

Asfortheremain@gcontourintegrationroundtheairplanecross
section,itwillbeconvenienttoperformthatinthetransformedu
planewhereonthecircleU5= ro2. Thetransformationforthesymmetric
cructiormtailofsketch(h)isobtainedfromegyation(8)by setting
t==t2=s Sothat

(36)

andr.= S1*. Itfollows,then,thatonthecirclewhereu-=roeie—

Now,recsll~that
totheshedvorticesand
as(seesketch(b)}page

(37). *4ro.Z’Sti* ~

F~ istheadditionalcomplexpotentialdue
theirimages,wecanwriteFt inthe u plane
9)

F’=-

enditiS
starboard
roundthe

[
u Zn(a- u=)
z - ‘n(”-%)- ‘n(”-“2)+ ‘n( -w

(38)
seenfromequations(37)end(38)thatthecontributionofthe
vortexanditsimagetotherealpartofthecontourintegral
tailcrosssectionismadeupofintegralsofthetype

or,since
T = rocos

—. .—. - -

(39)

thered andimR@nary~1% of
(ilandq=

IJonthecirclearegivenby
rosir.~,itisfoundthat

-. —-
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whereT1= rlcos131andq== rlsin01 arethecoordinatesofthestar-
boardvortexinthe.u p~e. Theentireintegralroundthecircleis
madeupbychoosingthepropersignofequation(37)andthereforeof 11
appropriatetoeachhdf-quadmntandconibiningtheresultingdefinite
integrals.Sinceeachhalf-quadrantofthecirclecorrespondstoa partic-
ularsurface9fthecruciformtail,thesignsareeas~ chosenbyobserv-
ingthatd(~~)= d(@ + Z2)anddecidingwhetherthisqpantityispositive
ornegativeineachhalf-quadrantasthecontourofthecruciformtaflis
circumscribedinthecounterclockwisesenseinthephysicalplane.TM
resulting~ressionfortherealpartofthe-integral.roundthetaildue
tobothvorticesisfoundinthismanner,afterintegrationbyparts,tobe

()wll ~ r14
T -— Zn
r. ro4

r=4 Tlnl
l+—— +4—

ro4 ro2
r=4 TIT1

ll—-- 4—
ro’$ ro2

W)((-X+3
T2~2

()

r24
— l-—2nro2 roA

r24
l+—ro.‘4-

r24 ~2712
l+—- 4—ro4 roz

)

!tsn-

tan-

(41)

where

Tl= R(ul); TIl=I(Cd; T2= 3d~2); T2=1(U2)

r12= [R(UL)12+ [I(13J12;r22= [R(CJ2)12+ [I(uz)]2.
.

andthearctmgentsaretskentolie”betweenO and2fi.Notethatthe
aqyessionsofeqyations(35)and(41)bothvanishat x== sothat
R
f

F;d((~)= O;also,at x = Z,y== - y22 = -~.opd. fr~ eq~tion (5)0

-

—...-—- —.—-—.. — .-.— —-. -
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~ nowtithelasttermofequation(34),ifwerewritethe
tmnsformationofequation(36)intheform

‘2-s2=(”-9 (42)

since ro’ = sz/2,itfollowsdirectlythatthevortex~sitionsinthe
U P~e aregivenbY

(43)

Hencetheqyantityakr appearingb thesummationofequation(34)is

(44)

so that thesum isgivenby
2

I
rkakr= ‘lalr+ ‘2a2r‘r (“1.- “Zr)

k=l

(45)
ThusW we consideronlyze~otailincidence-~ sothat cfw= ~ = a,
andrecallthatforsteadystraightflightR = U& + iUoa,thelast
integralofequation(34)canbewritteninthefomn

Ox d-c?u~so2r~ ~

Thelasttermofthisexpressionisthecontributionof
thetrailingedgeofthewingandtheapexofthetail;

(46)

theintegralbetween -
thatis,where

= 0. Thevori%xpositions~=and~2 andthecirculationI’aregiven
~yequations(6)and(7),respectively.
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Theintegralsappearinginequation(46),whichis
formwithstraighttrailingedge,areofprecisely

valid forany
thesameform

31

as
thoseencounteredinequation(&.)forthepit-%ingmo%mtand-be
treatedinananalogousmanner(fortriangularplanforms)bymsldnguseof
theAppendix.In-thepresentcasethesecondintegralofequation(46)
hasa discontinuityoftherealpart ofthesquareroot,andtheimaginary
partvanishes,whenthevortexpassesthroughtheverticaltail.Thus
sketch(d),page16,isapplicabletosuchcasesifweinterchangethe
labelsonthetwo
theverticeJ.tail
byequation(6).
gularplaaforms)

curves.
is y~=
ThusM

YI= O for

Theconditionforthevortexpassing&rough
O for zls sT~ sl whereyland21 aregiven
~=iT = 0,thisconditionbecomes(fortrian-

F&w(?+)<xt<c,
4 (. 2\ ‘~–~

(47)

Ifequation(47)issatisfied,thenthesecondintegralofequation(46)
mustbedividedina mamnerexactlyanalogoustothatshowninequa-
tions(23)to

Finally,
ofsketch(h)
intoeqpation
givenbythis

(26a).
—

theinterferencerollingmomentforthewing-tailcombination
isobtainedby substitutingequations(35),(41),and(46)
(34).ThecoefficientCZI basedonthewingspan2s0 is
resultdividedby PUO%%SO.Now,sincetherollingmoment

;fthesymmetriccruciformta~ ~one is-zero(seeref.3),andtherolJdng-
momentcoefficientoftheisolatedtriangularwingis(seeref.10)

(48)

thetotalrolling-momentcoefficientforthecombinationofsketch(h)is
foundbyaddingthistotheaboveresultfor CII.

Calculationshavebeencarriedouttodeterm3netherollingmoments
forawing-tailcomldnationoftriangularplanformhavingzerotailheight,
a tail-lengthratiod/s. of6,anda spanratiosl/soof1. Thevaria-
tionof Cl with ~ wascalculatedattwoanglesofattackandtheresult-
ingcurvesarepresentedinfigure10.“Itcanbeseenthatatbothsagles
ofattackthevariationofrollingmomentwithangleofsideslipisquite
nonltiearandhasa sharppeakattheangleofsideslipatwhichthestar-
boardwingvortexstrikestheverticaltailaccordingtoequation(31).
However,thepeaksareinoppositedirectionssothatthecurvescrossone
another.Thereasonforthisbehatiorliesintheverticallocationofthe
impingingvortexrelativetotheaxisofthetail.At a= 0.1,thevortex
strikingthe.tailliesclosetothetailsxissndtherefore,duetoits
directionofrotation,inducesa largenegativerollingmomentatthe
criticalsideslipangle.Ontheotherhand,at a= 0.2,thevortexstrikes
theverticaltailnearitsuppertipandthereforeinducesa positiveroll-
ingmomentbecauseofthevelocitygradientassociatedwiththevortex.
Forpurposesofcomparison,therollingmomentsofthewingalonefrom
eqyation(48)areslsoshownonfigure10anditcanbe seenthatthe
rollingmomentsareheavilyinfluencedby~-tail. titerference.

-- - ..—.- —— .——— — ..— ..— _ -— —. . .—c ———. -.. — - - --
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(h’’ucifomW- and

Themethodusedintheforegoing
havingplanewingscouldequallywell

cruciformTail.

_sis Of wing-tailcombinations
beap@iedtothosehavingcruciform

wingsifonehadanalytical~ressionsforthepositionsoftherolled-up
vorticesbehindsuchwings.Forthespecialcaseofaneqpal-spsncruci-
formwingh steadystraightflightat45°angleofbank,thesevortex
positionshavebeendeterminedanalyticallyinreference13. Consequently,
thelongitudinalcharacteristicsofa wing-tailconibinationofthetype
showninsketch(i)(theso-called“~ter~gitated” arrangement)Cm be
studiedinexactlythesamewayaswasthearrangementshowninfig-
urel(b),U equations(6)arereplacedbytheexpressionsofreference13
orreference3forthepositionsofthefourrolled-upvortices.

a

‘&.

1

(Note,however,thatref.13useswindaxes.)Ithasbeenshownin
reference3 thatthefourvorticesareofeqyalstrengthgivenby

r= @UoSo% (49)

Now, if we recognizeonceagainthattheverticaltailhasnoinflu-
enceonthepurelylongitudinalcharacteristics,a comparisonofthebase

.

.-..
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crosssectionshowninsketch(j)withthatofsketch(c),page11,will
showthatequations(n) to (14)aredirectlyapplicabletothepreseut
case.Thusbysimplyextendingthesum-
mationofeqyation(12)overfourrather I
thantwosymmetricallyplacedvortices,
wefind,s~ce az= -~=andad= -z=
that

4

(50)

Hencethecounterpartofequation(14)
isfoundtobe,aftersimplification

4

1
r~kr. - a’

[

R :(K= + KJ -

k=l
1- (b/s)

Sketch(j)

(51)

Theinterferenceliftandsideforcecannowbeobtaineddirectlyfrom
equation(15)frm whichitfollowsthattheinterferencesideforce
vanishessincetheabovesumisreal.Atthispointitshouldbenoted
thattheqpantity11(~1+ L3)isa constantbehindthewing,beingeqpal
tothelateraldistancebetweenthecentroidsofvorticityofthetwo
hslvesofthewake.Infact,sincethecirculationdistributionsonthe
twocomponentwingsofa cruciformwingbanked45°areidenticelellipses
(seeref.3),itfollowsthat

Y(SOR(LL+ KJ =—2&z (52)

Withthisrelation,H wenotethatimediatelybehindthewing s=b=O,
wecansubstitutedirectlyintoeqpation(16)fortheinterferencelift.

—.— —=.— —- —.- . -.-— .
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Thus,makinguseofequation(z),weftid

L1=
2“ puo2*so~-+1- (b/s)Z

(53)

andthe~sitions~ /sOsmd~=Z/socanbeobtaineddirectlyfrom12
figwre2 ofreference3foranygiventaillength.Nowsincethelift
ofthecructiormwingaloneisthesameastheliftofa planewingof
thessmespan(seeref.3),itfollowsthatthetotalliftcoefficient,
basedontheareaofthewing,forthecruciformwing-tailcombination
ofsketch(i)is,foranyplanformwithstraighttrailingedge,

(
CL=~Aw ~+~ ~)+>;lz[.jw+

R
s1’-—
S02(1- (9+)

Calculationshavebeencarriedouttodeterminetheliftcurvesfor
severalcombinationshavingzerotailheight,zerotailincidence,and
zerotailthichessusingequation(%). Furthermore,theaspectratio
ofthewingwastakenas2,sothattheonlyparametersinvestigatedhere
arethetail-span-to-wing-spanratiosx/soandthetail-lengthratio
d/s.. Theresultingliftcurvesarepresentedinfigure11fora fixed
taillengthwithseveralvaluesof %1% andinfigure12fora fixed
ratiosl/sowithseveraltaillengths.Itcanbeseenthatthegeneral
characteroftheliftcurvesisverysimilartothatoftheplanewing-
tailcombinationswithtailheightsdifferentfromzero.Hereagain
thereisa criticalangleofattackatwhichthevorticesstrikethetiil
trailingedge,ascanbeseenbyemmhingsketch(i),page32. There
areseveralimportantdifferencesinthisrespect,however,betweenthe
characteristicsoftheplaneandcruciformcombinations.Duetothe
orientationofthevorticesatthewingtrailingedgewithrespectto
thetailofthecruciformccmibination,~r dependson s=/soaswelJ.
ason $/sO and d/s.aadnotailheightisrequiredfortheexistence
ofa criticalangleofattack.Ontheotherbaud,thechangeinlift-
curveslopeatthecritical.angleisnotsogreatforthecructiormsince
only&U-of thewingvortices-strikethe
since~ = O,thereiscompletesymmetry

tafithere.Also,infigure1.1.
withres~cttoangleofattack

.

— . — .. — — --—. —- .— -
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negativecriticalangleeqpaltothepositiveone.Atthe
negativecriticalangle,theuppertwovorticesstrikethehorizontal
tailwhereasatthepositivecriticalaugleitisthelowertwovortices.

A finalpointthatseemsworthyofmentioninthisdiscussioncon-
cernstheexistenceofa so-called“leapfrog”distanceforthecruciform
wingat45°bank.Thisisthedistsncebehindthewingatwhichtheupper
twovorticespassbetweenthelowertwoduetotheirmutualinduced
effects.Itisclearthatifthetaillocationandspanaresuchthat
thevorticesstrikethetailtrailingedgeattheleapfrogdistanced=dL,
a maximumeffectmaybeexpected.Accordingtoequation(60)ofrefer-
ence3,thetaillengthforthisconditionis

(55)

Hencethecriticalangleofattackforthis
9.328

%r=—
fi(d/so)

maximumeffectisgivenby

(56)

Alsofrm figure2 ofreference3 itisfoundthat‘ifallfourvortices
aretostrikethetail,theratiooftail.sp towingspanS1/sOwould
havetobenotlessthan0.9andthetailheightratio~/s. wouldbe
egpal.toabout1.9. Itshouldbepointedoutthatforthecruciform
wing-tailcmubinationsforwhichmostofthecalculationsweremadehere
(d/s.= 6)thevalueof ~r predictedbyeqpation(56)is obablywell

8beyondtherangeofvalidityofthepresenttheory(~r = 2 ). However,
forthecased/s.= 12 (seefig.12)ifthetailwereraisedsothat
hT/so= 1.9,weshouldexpectthatthegentledipintheltitcurveshown
at a= 0.06wouldbereplacedbyanabruptdipat a = 0.247= 14.2°.

Duetothecomplexityoftheexpressionsgiveninreference3.for
thevortexpositions~=and~=,a ~ect applicationofegpation(2)
toobtainanalyticalexpressionsforthepitchingmomentappearstobe
virtuallyimpossible.Consequently,ratherthantoanbarkona program
ofnumericalcalculations,itwasdecidedtoa~roximatethepitching-
momentvariationsbyassumingthatthecenterofpressureofthetail
remainsatits2/3-chordpositioninspiteofthevortices.Hence,
sincethepitchingmomentofthewingaloneaboutits2/3-chordpointis
zero,thetotalpitching-momentcoefficientofthewing-tailcombination

.

.

aboutthatpointisgiven

wherethepitching-moment
chordandthecoefficient

a~roximatel.yby (seefootnote4,page25)

(57)

coefficientisbasedonthewingareaand~

%’ referstotheliftonthetailinthe

. ., ---- —-. ... —- -..—.———— —--.———- ---——-



.

36

presenceofthewingwake.Theresultingpitching-moment

NACATN3725

variationsare
presentedinfigures13and14anditisseenthattheyarecomparable
withthevariationsfortheplanewing-tailconibinationshavingvar@g
tailspan.Theabovediscussionoftheliftcurvescaninfactbe
extendedtothepitching—moment curvesincompwhgthecharacteristics
ofthecruciformintertigitatedwing-tailconibinationswiththoseofthe
planewing-tailarrangementswithhightails.

Theinfluenceoftaillengthonthevalueofthecritical.angleof
attackandonthevaluesofthepitchingmomentatthatangleareclearly
showninfigure13. Itcanbe seenthatdoubl-ingthetaillengthreduces
thecriticalangleofattackbyoneW, butdoesnotchangethevalue
ofthepitchingmomentatthecriticalangle.Asa matteroffact,it
canbeshownthat,forgivenvaluesof %/s09~lso9andi ,thepitching

7momentofequation(57)isa functionoftheparametera(dso)only.
Hence,ifweplot bvs. a(d/so),allthepointscalculatedfor
figure13willfallona singlecurve;therefore,figure14isplotted
inthismanner.Figure14showstheeffectofspanratiosl/soand
itisnotedthatthemaximumeffectatthecriticalangleisexperienced
for sl/so= 0.6.Howetir,duetothechangeinrelativevortexposi-
tionswithdistancebehindthewing,thevalueofthecriticslspanratio
willdependonthetaillengthforcruciformwing-tailconibinations.It
canbeseenfromfigure14thatiftheratiooftailspantowingspanis
suffici~tly&$e (seesl/so= 2),thenonlinearityassociatedwiththe
criticslangleofattackisdiminishedsubstantiallyandthepitching-
momentcurvebecmespracticallylinearwithangleofattack.Thessme
statementcanofcoursebemadeinregardtotheplanewing-tailcombina--
tionstreatedearliersincetheMft ofa lsrgetailsurfaceovershadows
theinterferenceeffects.

PITCKD?GANDPLUNGINGFLIGET

Sofarthecasesconsideredinthepresentreporthavebeenconfined
entirelytosteadystraightflight..However,theexpressionsofeqya-
tions(l),(2),and(3)aredirectlyapplicabletoquasi-stationary
motions(i.e.,tounsteadymotionswhosefrequenciesaresmald.compared
withtheflightvelocitydividedbythelengthofthebody).Inthis
section,weshallconsiderlongitudinalmotionsofthist~e withthe
purposeofcalculathgtheforcesandmmentsactingona planetriangular
wing-tail.combinationwhichispitchingandplungingatanangleof
attack*. Thetermpitchingreferstoanangularpitchingvelocity
(q# 0);thetermPIW@ referstoa tfieraw ofc-e of-e of
attack(&+ O).

Itcanbeseenfromeqpations(1)and(2)thatthetimederivative

~
(1 )

m

at ~~kr isreqyiredforthecalculationofthedesiredforcesand
k=l

.

.
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moments,sowemustnowexpressthepositionsandstrengthsofthewing
vorticesasfunctionsofboth x andt forthemotionsjustdescribed.
Inordertodothis,wewild.firstassumethatthestrengthr ofeach
rolled-upvortexata distancexl behindthewingiseqpaltothevalue
of I’thatexistedatthetrailingedgewhenthetrailingedgeoccupied
thatpositioninspace.Thatistosay,

Wm tr .rm-—
at =

wheretl isthetimerequiredforthewingtoadvancea distancexl.
Hencet== xl/Uoandwehave

arm X=r=
()

rm-——
at UO

(58)

Now l?~ isgivenbythejumpinpotentialACPatthewingtrailingedge
whichdependsonlyontheangleofattackatthetrailingedge.Thusfor
thepitchingandplungingcase,sinceq doesnotdependon &,

rm . 2sJu&pdc - %)1 (59)

where-c1 isthedistancefromthewingapextothepivotpointofthe
pitchhgmotion.Notethat thise~ressionreducestoeqution(7)if
q= O. Now,substitutingeqyation(59)intoequation(58)wefindthat
thestrengthoftherolled-upwingvortexisgivenby

r(x,t)= 2sJu@w+q(c - CJ - &J “(60)

Ithasbeenassumedherethat ~= O.

Thevortexpositionremainstobe~ressedasa functionof
x andt,butthiscanbedoneina mannerparalleltothatfor,thesteady
case.Thustheslopeaz=/axiS givenbythevelocitofa two-

7dimensionalvortexpairofstrengthr(x,t)spaced(X2)s0a-t. me
verticalpositionZ1 ofbothrolled-upvorticesrelativetothetailis
therefore(seesketch(k))=f+---+c::t-i~. ‘1 iT

Sketch(k) -1

. ..— -—- - — .—..- -—— ———. . —— ...—. . .-.— —. - -
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Z1 = a,wxl-kl?-

= cf-T#l-hT -

whichreducesto

J‘1 r(x,t)~iT(d-xl)-
0 2fi(lr/2)souo

{[
iT(d-X=)-_$ z~+~(c

1

&=2

U.
-CJ xl -—

U. }

equation(4)if g.= & = O. NOWforzerosideslip
lateralpositions6fthewingvorticesareagainindependentof xl
wehavecorrespondingtotheexpressionsofequation(6)

(61)

the
and

Notethattheplungingmotion& introducesa qyadraticdependenceof
thevortexpositionsuponthedis~ce x= asshowninsketch(k),while
thepitchingmotionq causesnoadditionalcomplicationoverthesteady
angle-of-attackproblem.Itshouldslsobepointedoutforthepurpose
oftakingderivativeswithrespecttotimethattheonlytime-dependent
quantityinequations(6o)and(62)istheangleofattack~, assuming
that a= o.

Forthepurelylongitudinalmotionsbeingconsideredhere,the
inversetrsmsformationfora t~tie~iptic-conetailisgivenbyeqpa-

Z

tion (1.1)andthesumnation
I
rkakriS

equation(14).Thedifferent%thetwo

thesameaswasgivenin

cases,ofcourse,(i.e.,the
steadyandtheunsteady)liesinthemorecomplicatedexpressionsof
equations(6o)and(62)forthestrengthsandpositionsofthevortices.
Now,accor&hgtoeqpation(1),theinterferencesideforceandliftfor
thepresentcasearegivenby

y~-fi~=-i~Uo[(&@>=~ (~:@k>%j -

i’~ $ (&@k)”
(63)



and once more the interference sideforcevanishesdueto Bype@y. Thederivative+(~%ls) ~

overthetaflis obtainedby differentiatingeqwtion (14)withrespect
tions(60)and(62)for r and El andnotingthat

* . 2uoso&

and ix ()l_~L&l.L

at n= 1 (64)

Iu thismanner,onefinds,aftersomemanipulation,thattheinterferenceliftof theplanetriangdar
wing-tiflccunbinationis,accordingto eqmtion (63)

A&$)+] -.@o%o++&-c J] -

. .

+: (c -u,)-
1{

G.
*I

‘}

b/s
dxl-— Zpuod.so%’+

Ji.2- S2[1-(b2/s2)] 1- (b/s)

wherethe
thelifts

thickuessratio b/s is againconstantoverthetail. Nowforthe
dueto thepitdingS@ plungingmotionsexeadditive,andthelift

isolatedwing
Coefficients,

(65)

andtail,
basedon



the wing area are given accordingto slender-bodytheoryby (see,e.g.,ref.10) ‘~

(66)

(67)

Consequently,thetotal.Mft cotif’icient,based~ theareaof the*, forthepitchingandplu&ng
--w combmtion of figurel(b)is,fromequtions(65),(66),‘ma(67)

b/a
—ZAW
\ - (b/s)2 —-(; %l~!(%yy g

$+&@@_#l+ 1

0 1- 0/s) Uo -
F

E!where$heexpressionfor cl is givenby equation(62).ItcsnbeseenthattheLwtls anonlinesr
tictionofsJJ.threeindependentvariables~, &,andq. Mermcre, the~t cannotbecorrectly~.

u
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calculatedby
equation(68)

41

-\ ,

addingtheliftsduetoeachofthe“threemotionssince
containsproductsoftheindependentvariables.Thatis,

theliftduetopitch@gandplungingforthewing-tallccmibinationis
noteqpal’lx”thesumof-theliftduetopitchingandtheliftdueto
Plum. . ..

Inreference10”foimiilasweregivenforthestabilityderivatives
offirstandsecondorderforslenderwing-bodycombinations.Inthat
@sis,’as tithepresentone,itwasfoundthattheforcesandmoments
werenonlinearwithrespecttosoheofthemotionsconsidered.However,
intheanalysisofreference10,theforcesandmomentsdependedonlyon
thefirstandsecondpowersoftheindependentvariablessothatitwas
convenienttodefines~bilityderivativeswithalloftheindependent
variables“(includingtheangleofattack)settozero.Inthiswaythe
conventionalstabilityderivativescouldbeobtainedbya combination
ofa smallnumberofthederivativesofreference10andthelatterhad
theadvanhgeofbringingout,anumberofusefulrelationshipsamongthe
variousstabilityderivatives.

Inthepresentanalysis,ontheotherhand,thenonlinearitiesof
theforcesandmomentsincluding-tig-tailinterferenceareofa more
complicatednature.Theappearanceofthesquarerootinvolvinga gpad-
raticfunctionofallthetidependentvariablesin’theexpressionsfor
theltitandpitchingmomentindicatesthataninfinitenumberofstabili-
ty derivativesofthet~e usedinreference10-d bereqpiredto-
obtainthecomnonl.yusedstabilityderivatives.Ihotherwords,the

.forcesandmomentsin thepresentanalysiscontainallordersof the
independent,variables,as canbe seenby expsndingthesquareroot.
Consequently,the stabilityderivativesin thepresentanalysis(includ-
ing Ck) willbe definedastheappropriatepartislderivativesevaluated
withalltheindependentvariablesexcepttheangleof attacksetto
zero. Thus,thestabilityderiv%.tiveswillallbe functionsof theangle
ofattack~ andonemustusethederivativescorrespondingtothe
equilibriumangleofattackaboutwhichsmslloscillationsaretobe
executedifthemotionistobecalculatedbymsansofthestdbility
eqwtions.Thispresumes,ofcourse,
steadystraightflightatanangleof

thattheequilibriumcondition
attack~ atzerosideslip.

is



Withtheabovedefinitions,It is easilyfuwxifrcuneqmtione (68)and(62)that 1%

[/[ A’-N%W$’)-R]*R +i$+id
-

r

(69)
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Theevaluationofthequantitiesappearinginthearessionfor
%t

isactuallynomorecomplicatedthantheevaluationoftheintegral
alreadytreatedinfindingthesteadypitchingmoment(seeeq*’-(21)),
sincetheimgharypartcanbetakenaftertheintegration.Thatisy
theintegralcontainingtheimaginarypartcanbeseparatedintointegrals
ofthet~e

whereX =B + C!Ei+Dg= asbefore.Bothofthese
tothatofequation(25)tidcanbehandledinthe

,

.1

integralsarereducible
sameway.

Itshouldbenotedthat,slthoughtheaboveexpressionswerederived
fortriangularwingandtail.,equations(69)and(70)for C~aLd CLq
areactuallyindependentofplanformandarevalidforarbitraryslender
planformsso.longasthetrailingedgeisnormaltothe x axis.The
quantityb/s thenreferstothevalueatthetrailingedgeofthetail..

Calculationshavebeenmadetodeterminethefirst-orderstability
derivatives~, C%, and% fortwotailheightsandfortworatios
oftailspantowingspan.Theaspectratioofbothwingandtailwas
takenas2,thetaillengthratiod/s.= 6,andthetailincidenceand
tailthiclmessweresettozero(~ =b/s= O). Theresultsarepresented ‘
infigure15anditisseenthatthevariationswithangleofattackmay
beappreciable,evenforthetaillyingintheplaneofthewing.

Thetwospanratioswerechosenforthecalculationssothatone
fallsoneithersideofthecriticalspanratio(S1/SO= YC/4).me wk-
tionsofthestabilityderivativesshownh-figure15areclearlymore
severeforthelargerspanratio(sl/sO= 1) since,for spanratios
greaterthanthecritical,thetrailingvorticesstrikethetail.trailing
edgeat thecriticalangleof attack. It canbe seenthatfor s=/so= 1
ad ~r = 0.2both ~and”~ JUIIIPfroma“negativevalueto a large
positivevalueas thecriticalangleis exceeded.For thelift-curve
slope C&, thiswasalreadynoticeable~ figures2 and3 showingthe
steadylfit.curvesforthesameconfigurations.It%zUlalsobenoted
infigure15thatfor sl/so= 1 thederivatives~and ~ havetheir

.,mimmumvaluesatthecritical.angleofattack,evenfor ~r = O (i.e.,
~=dl- inthessmeplane).TIQsisnot-thecasewith-thederiva-
tive~&. Thediscontinuitiesin C~ ad c% atthecriticalangle
ofattackfor ~r ~ O areevidentlyremovedandthevariationswith
angleofattackconsiderabl.yreducediftheratiooftailspanto.wing
spanisreducedbelowthecriticalvalue.

Forthecaseofwingand.tailofequals- inthessmeplane,C&
isdoubledastheangleofattackincreasesfrom0°to12°. Ontheother
hand,ifthetailspanisW thewingspan,theincreaseisonly
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about25perc6nt.Thevariationof ‘C& isabout6 percentfor-the
egpal-spsnwing-tailconibinationendabout5 percentfor sl/s~= 0.5
overthesameanglerange. . .

ItI& already’beenmentionedthatinreference10a numberofrela-
tionshipswereobtainedamongthestabilityderivativesforwing-body
canbinationsbyevaluatin&thederivatives.at(a = O. Although,as
alreadydiscussed,thereseemstobelittlepointindefiningstability
derivativesforwing-tailcombinationsinthesamemanner,itisnever-
thelessofinteresttoseewhethera similartypeofrelationshipcanbe
foundat = O.

?
h factif’weset * = O,itbecomesapparentthat

equations(9)and(70)arethenrelatedaccordingto -

(4WO=(+)%+(?=)[(4%=0
or

(%-)WO=(+)(%JWO+($%-—.

-c %1

(+)

so that (& at %7 = O forthewing-tailccmkdnationcanbecalculated
-fromthel@t-curveslopeofwe combinationat @ = O andthelift-curve
slopeoftheis”olatedtail.Ifthereisnotail

%
= O andequa--

tion(72)reducestotherelationshipgiveninreference10between~q
SZNI~ forwing-bodyccuzibinations,withthechordc.asthereference
length:

LIMITATIONSOF’THETHEORY

Ithasbeenassumedintheforegoingana&is

.

thatthevortexsheet
leavesthewingtrailingedgeasa flat~heet”&dthatitbecmesfully
rolledupaheadofthetail.Theformerassumptiondoesnotadmitsepa-
rationoftheflowfromthewingsurfaceandtherefore@lies small
anglesofattack.Thelatterassumption,ontheotherhand,seemsto
~~ a highangleofattack.Actually,itrequiresthatthetaillength
begreaterthanthedistenceinwhichthewingvortexsheetbecomesfuU.y
rolledup,thatis,(see,e.g.,ref.3 or12),

.... . . ..- .-— — —..—....— ———. -. —..— —.
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wherek dependsonthe
(ref.14jthevaluekl=
sheetbehinda plane~
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circulationdistribution.AccordingtoWden
0.28givesthedistancerequiredforthevortex
withellipticcticulationdistributionto

become“essenti-~rolledup.” Itcanbeseenfromeqpation(73)t~t
therestrictionimposedontheconfigurationswhichcanbetreatedbeccmes
moresevereastheangleofattackapproacheszero.Hencethepresent
calculationsmightbeconsideredasa “moderateangle-of-attack”-YSiS
forslenderwing-tailcombinations.

b viewofeq.tion(73),itisinterest@toconsidero~er~Y-
sesinwhichwing-tailccmibinationshavebeentreatedundertheassumption
ofa flatvortexsheetlyingintheplaneofthewingandtail.The
requirementforsuchresultstobeapplicableisclearly

The%uchgreater”signisintroduced

d
>>~ (74)

becausetheassumptionofsuch
_ses isnotsimplythatthevortexsheetisnotfuKlyrolledupat
thetailbutratherthatitremainscompletelyflat”-hencethemore
stringentrequirement.Itisevidentthenthat~ a wing-tailcombina-
tionwitha low-aspect-ratiowingis treatedundertheaboveassumption,
theresultsareapplicableonlyforvanishinglylowliftcoefficientsor
for extremelyshorttaillengths.Therehaverecentlybeensomesuch
_ses (e.g.,refs.15and16) in which.wing-tailcombtitionsare
treatedwithnoapparentrestrictionsonaspectratioortaillength.
Theresultsofsuchinvestigationswhenappliedtolow-aspect-ratiowings
orsizabletaillengthsshouldbeviewedwithcaution.Itshould$dSO
bementionedthattheanalysesofreferences15and16canleadonlyto
stabilityderivativeswhichareindependentoftheangleofattack.
Furthermore,thevortexsheetisassumedtolieintheplaneofthetail
atall(smsll)auglesofattack.Althoughthevortexsheetdoesindeed
lieintheplaneofthetailat cc= O (for~ = O),thederivatives
calculatedat a = O mayneverthelessbeinerrorsincenoaccounthas
beentakenofthechangeofpositionofthevortexsheetwithangleof
attack.

~ reference15theconclusionisdrawnthat
tailbyanangleofattackofthewinginforward
liftinducedontheI- byanangleofattackof
flight. Thatthisconclusionisnotinagreement

theliftinducedonthe
flightisequaltothe
thetail.inreverse
withthepresentanaly-

sis–canbeseenbyexamni“ ngeqpation(17)fortheinterferenceliftin-
steadystraightflight.Fortheslendercase,asistreatedinthe
presentpaper,reversaloftheflightdirectionhasnoinfluenceonthe
givenexpressionotherthantointerchanges=andso. Itisclearthen
thattheaboveconclusionagreeswiththepresentanalysisonlyforthe
obviouscaseof sl/so= 1. Thedifference,ofcourse,stemsfromthe

.

—
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differentassumptionsregardingthevortexsheetshedbythewing.The
appropriatenessofthedifferentassumptionscanonlybecheckedby
experiment..

A furtherassumptionofthepresentanalysisisthatthepositions
ofthevorticesshedfromthewingarenotinfluencedbythepresenceof
thetail.Thusthevortexlinescoincidenotwiththeactualstreamlines
butwiththestreamlinesintheabsenceofthetail.Hence,whilethe
conditionofnoflowthroughthetailhasbeensatisfiedintheanalysis,
thevorticeshaveneverthelessbeenpermittedtopenetratethetail
surface.b factthemostdramaticeffectsonstabilityarepredicted
forconditionsunderwhichthewbagvorticeseithertouchorpassthrough
thetail.Althoughthepresentassumptionthatthetaildoesnotinfluence
thevortexpositionsiscommonlymadeincalculationsofwing-tailinter-
ference,thetriplicationsmentionedaboveseemtowarrantinvestigationof
thispoint.Thereforeanexperimentwasconductedtoinvestigatethe
influenceofthetailonthevorticesshedbythewing.Thisexperiment
willbediscussedinthenextsection.

Therolled-upvorticeswereassumedin theanalysisto be idealized
linevorticeshavingno viscouscores. Thisassumptionwillhaveno
effecton thecalculatedresultsso longas thecoresdo nottouchthe
tail. However,whenthedistancefromthetailto thecenterof the.
vortexis smallerthantheradiusof thecore,theviscouscorewill
changethedownwashdistributionat thetaillocationandaffectthe
calculatedlifton thetail. In orderto getsomeideaof theorderof
magnitudeof thiseffect,a calculationwasmadeby themethodof reverse
flow(seeref.7) to determinethe
ltitona planetailinthepresence
oftwoviscousvorticeswhosecenters
intersectthetrailingedgeofthe
tailasshowninsketch(Z).For
thiscalculation,itwasassumedthat -s-s.
thecoresrotateassolidbodies,
givingthedownwashdistribution
shownintheabsenceofthetail.It
wasfurtherassumedthatthecoreslay
entirelywithinthespanofthetail
asshown,andthatthespanloading
ofthetailinreverseflowisellip-
tic. Withtheseassumptions,itwas
foundthatifthevortexcentersare
locatedat y = *s=/2andthecore
radiusis s=/4(asshown),thenthe Y
negativeliftonthetailduetothe.
vorticesisreducedby12percent
fromthatcalculatedwithnocores.
Now,sincethecentersofthevortices
wereassumedtointersectthetail
trailingedge,theabovecalculation
correspondsto a = -r. Furthermore> ,- Sketch(2)

. .. . .————.—. .—. — —— —- - -
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since the viscous cores can have noeffectonthetailliftiftheydo
nottouchthetail,itcanbeconcludedthattheover-alleffectofthe
viscouscoresonthecalculatedl.Utandpitching-momentcurvesoffig-
ures2 to6 willbesimplytoroundoffthesharppeaksat a ~ -r.

A1.thuughthepresentanalysishasbeenrestrictedtoslenderwing-
tailcombinationsforwhichthevortexsheetleavesthewingasa flat
sheet,itisimportanttonotethattheorigtiofthetrailingvortices
isimmaterialtothemethodofcalculationofwing-tailinterference.
JY,forexample,thewingisa deltawingwithsharpleadingedges,there
maybeseparationvorticesabovethewing.Thesecanbehandledbythe
presentmethod,providedthattheirpositionsaudstrengthsoverthewing
areknown.Similarly,M thewingisa sweptbackwing(notnecessarily
slender),thevorticesfromthewingmaybecausedtorollupquickly
becauseoftip-stallingorotherviscousphenomena.Nevertheless,if
thetailisslenderandthevorticesarerolledupaheadofthetail,the
techniquesusedinthepresentanslysisarestill.applicableforthe
calculationoftheinterferenceforcesandmcments.Asa matteroffact,
pitching-momentcurveshavingthesamegeneralnonlinesrcharacteras
thoseoffigures2 and3 havebeenmeasuredonswept-wingairplanemodels
havinghightails(see,e.g.,refs.17and18).
directionalstabilitywhichhavebeencalculated
arealsoevidentinthedataofreference18.

Someofthetrendsin
inthepresentreport

,

W--TANK EmmIMmT

lhordertoinvestigatetheinfluenceofthetailonthepathsof
thevorticesshedbythewing,a simplemodelwasconstructedconsisting
ofanidenticaltriangularwingandtailmountedona thinplate,as
showninsketch(m).Theplateactedasa mcdelsupportandwasattached
toa rackwhichwasdrivenverticallyintoa watertankbya gearmounted
onanelectricmotor.Thewakeofthewingwasmadevisibleonthesur-
faceofthewaterbymems ofwhiteposterpaintappliedtothebeveled
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trailing edge ofthewing.Asthewingpassedthroughthewatersurface,
thepaintremainedonthesurfaceandtheresultingwakepatternswere
photographedfromabovebya motionpicturecamera.Thewingandtail
wereflatplateswithroundedleadingedgesandbeveledtrailingedges,
andthecentral.platewascutdowntominhizeitsinfluenceonthewing
wake(seesketch(m)).Thetailwasmountedatzeroincidence(iT= O)
ina tail.-highposition(~/so= 0.96)sothatata criti~ angleof
attack(C& = 0.2)theanalysiswillpredictthatthewingvorticesinter-
sectthetailatitstrailingedge.

The modelwas driven intothetaukatthreeanglesofattack,one
below,oneabove,andoneatthecalculatedcriticalangleofattack,
andselectedframesofthemotionpicturesobtatiedarepresentedin
figure16. Theverticalandhorizontallinesoneithersideoftheframe
arereferencemarkerswhicharefixedrelativetothetank(i.e.,relative
totheflightdirection).Thefirstpictureineachcaseshowsthevor-
texsheetleavingthewingtrailingedgeasa flatsheet.5 AtthiSpoint,
thewingtrailingedgehasjustpenetratedthewatersurface,andthe
strutconnectingthewingandtail.canbeseenabovethewatersurface.
For a= 12°and16°thetailisalsovisiblebutisoutoffocus,being
closertothecamera.Thesecondpictureineachseriesshowsthetail
enteringthewatersurface,andtheremainingpicturesshowthedevelop-
mentofthewingwakeatvariouspositionsoverthetailuntilthelast
frameshowsthewingwakeatthetrailingedgeofthetadl.

Tnfigure16(a)thereseemtobenoobviouseffectsattributableto
thetail,butthemount~ struthasa markedeffectontheshapeofthe
centerofthevortexsheet.Itcanbeseenthattheupwardsweepofthe
centerofthesheetfollowstheretreatingedgeofthestrut.

Figure16(b)showsthedevelopmentofthewingwakeoverthetail.at
thecalculatedcriticalangleofattack.Accordingtotheanalysisin
theforegoingsectionsofthisreport,the~ vorticesshouldintersect
thetailatitstrailingedgeatthisangleofattack.Itwasinfact
largelythispredictionthatpromptedthepresentexperbmt,inview-of
thediscussionoftheprevioussection.Itisapparentfromfigure16(b)
that,althoughthevorticesarequitedistortedatthetrailingedgeof
thetail,thecentersofthevorticesdoverynearlycoiucidewiththe
tailtrailingedge.Thetail.seemstosplittheviscouscoresofthe
vorticesatthecriticalangleofattack.Theasymmetryofthecenter
portionofthevortexsheetseeninthephotographsisprobablydueto
anasymmetricdisturbanceproducedbythestrut.

Infigure16(c)a higherangleofattackisshownandthetailappears
toseverthevortexsheetandproduceconsiderabledistortionsabovethe
surfaceofthetail.

5Subsequentdetailedinvestigationhasshowntheexistenceofa rela-
tivelyweakpairofseparationvorticesabovethewingsurfaceatallof
theanglesofattackstudiedhere.

.— .— —— —— ~—..—— .—.Z—..
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Thedistancesbehindthewfngasshownontheabove-mentionedpic-
turesweremeasuredbymeansofa tapewhichmovedwiththemodeland
recordedonthefilmthedistancebetweenthewingtrailingedgeandthe
watersurface.Thusitwasa simplemattertoobtaingpantitativemeasure-
mentsofthevortexpaths,providedthecentroidsofvorticityofthe
vortexsheetcouldbedefined.Actuallyitisnotpossibletodefinethese
positionsaccuratelyfromphotographs,butitwasassumedthatthelateral
positionofthecentroidofvorticityofeachhdf ofthewskecouldbe
takenashalf’waybetweentheoutermostwindsoftherolled-upportionof
thesheet.Theresultsofsuchmeasurementsareshowninfigure17as
thevariationofvortexspanwithdistancebehindthewing.Theposition
occupiedbythetailisindicatedinthefigureanditcanbeseenthat z
theinfluenceofthetail.atallthreeanglesofattackissuchasto
decreasethevortexspanatthetrailingedgeofthetail..

Thetheoreticalasymptoticvortexspand?(n/h)soforthewingalone
isiucloseagreementwiththeexperimentallyobservedpositiomatthe
loweranglesofattackuntiltheinfluenceofthetailisfeltat’-the
stationcontainingtheapexofthetail.Thesizableinwardshiftahead
ofthetailatthelargestangleofattackisassociatedwiththechange
incirculationdistributiononthewingastheangleofattackis
increased.Iuasmuchastheinterferenceliftcalcubtedintheanalysis
dependsonthepositionsofthewingvorticesatthetrailingedgeofthe
tail,itwouldbeofinteresttocalculatetheeffectontheinterference
liftoftheobserved@rardmovementduetothetail.However,theinter-
ferenceliftisa functionoftheverticalpositionsaswellasthelateral
positionsofthevortices,anditwasfeltthattheverticalpositionsof
thecentroidsofvorticitycouldnotbedefinedwithanydegreeofaccuracy
becauseoftheunrolled-upportionofthevortexsheet.Itisinteresting
tonotethatatthecriticalangleofattackz== O andtheinterference
liftdoesnotdependonthelateralspacingofthevorticessolongas
theyliewithinthespanofthetail.(Thispointhasbeendiscussedin
thesectiontitled“LongitudinalStability.”)Consequently,atthecriti-
calangleofattacktheinfluenceofthetailonthevortexpositionshas
noeffectontheinterferenceliftforthespanratiotested.Forother
anglesofattackorforsufficienldysmadlertail.spansthiswillnotbe
thecase.

Thesyslxmatictendencyofthetailtodrawthevorticestogetheras
observedh figure17suggestedthepossibilitythatthewater-tankobser-
vationshavebeeninfluencedbysurfacetensioneffects.Therefore,
observationsweremadeofthethree-dimensionalwakepatternsbelowthe
surfaceofthewatertoseewhetheranysignificantchaugeswereoccurring
atthewatersurf’aceduetosurfacetension.Thiswasdonebythinning
theposterpaintsothatsomeofitwouldadheretothewingafterthe
latterwassubmerged,thusextendingthevisiblewakepatternsbelowthe
watersurface.Observationsweremadeatvariousanglesofattack,and
itwasfoundthatnosurfacetension~fectswerediscernibleaslongas
theangleofattackwasgreaterthan6 . Beluwthatangleofattack,
thedifferencebetweenthe.~tternsonthesurfacead belowitbecame
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visible.Apparently,thecriterionofa lowWebernuder(ratioofsur-
facetensionforcestodynamicforces)wassatis$iedforanglesofattack
above6°.

Theassumptionmadeintheanalysisthatthevortexsheetbecomes
fullyrolledupaheadofthetailappearstobesubstantiatedinthecase—
ofthemodeltestedhere.

CO?WLUOINGREMARKS

A theoreticalinvestigationhasbeenmadeofsmneoftheaerodynamic
characteristicsandstabilityproblemsassociatedwithslenderwing-tail
combinations.Thevortexsheetsshedbythewinghavebeenassumedtobe
fullyroll.edupatthetailandtofollowthesamepathsascalculatedin
theabsenceofthetail.

I&.thematical.expressionshavebeenderivedfortheinterference
forcesandmomentsactingonthetail.Fromthese,calculationshavebeen
madeoftheeffectofchmgesintailheight,taillength>tailincidence}
tail.thiclmess,andratiooftafispantowingspan.Thecalculated
variationsofforcesandmomentswithanglesofattackandsideslipwere
foundinsanecasestobehighlynonlinear.-es intheheightofthe
horizontaltailandintheratiooftail.spantowingspanwerefoundto
havea pronouncedeffectonstaticstabilityaswellasonthestability
derivative~. Thecalculatedresultsindicateda definitecritical
angleofattackfora givenwing-tailcombinationanda criticalratioof
tail.spantowingspanatwhichabruptchangesintheaerodynamiccharac-
teristicsoccurredincertaincases.Ingeneral,themostdrasticeffects
arepredictedwhenthevorticesshedfromthewingstrikeorpassnearthe
tipsofthetailtrailingedge.

A water-tadsexperimentwasconductedh ordertoobservethe
behaviorofthewingwakeinthepresenceofthetail.A plane-wing-tail
combinationwitha hightailwastestedandphotographsindicatedthat
thetailcausedthewingvorticestobes~ted inboardappreciabl.yfor
thecasetested(wingandtailofequalspan).Theverticalpositions,
however,wereapparentlyrelativelyunaffected,andthetailwasobserved
toseverthevortexcoresatthecalculatedcriticalangleofattack
(withintheexperimentalaccuracy).

Theinfluenceonthecalculatedresultsoftheassumptionsmade
regardingthevortexwakehavebeenconsidered,anda conclusiondrawn
on-thebasisofa flatvortexsheeth the
withtheresultsofthepresentanalysis.

planeofthetail.wascompared
Thechoiceofsuchassumptions
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mustinthelastanalysisbemadeonthebasisofexperhent,andforthe
casestreatedinthepresentpapertheassumptionofthefullyrolled-up
vortexsheetsseemsjustified,providedthatthetaillengthisnot
extremelyshort.

AmesAeronauticalLaboratory
NationslAdvisoryCommitteeforAeronautics

MoffettField,Calif.,My21, 1956
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EVALUATIONOFTHEIMAGINARYPARTOFA COl@IEXSQUAREROOT

A complexsquarerootofthetype~.here ~=y+i.
and c isrealhasbranchpointsC = ~ic andcanbewritteninits—
factoredform

Jr== =Ah- ic)(c + ic)

c
Nuweachfactorcanbewrittenin
polarcoordinatesreferredtooneof
thebranchpoints.Thus(see
sketch(n))let

~-ic=pleiq; ~+ic ‘V= p=e

whereq and~ arebothlimitedtoa “
rangeof,say,-(Ye/2)to+(3Yc/2)(to -c
givethepropersignchangesthrough
thelinesegmentshown).This
enablesonetowrite

‘Sketch(n)

- ‘- ‘(%)=~[cos(~)’is’(+)
sothat theimaginarypartis

where

IJ&+ (z-c)=’

.. .. ———- —-— . — —. -. —- --—..
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Thesignof theimaginarypartofthesquarerootisthereforedetermined
bytheq-ants of q and~ whichdependonthepositionofthepoint~
relativetothebranchpointst = *ic andalsoontherangeof ~ and~
specifiedabove.
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(a)Coordinatesyekemae fixedh thetail.

Figure1.-Generalorientationof *g and*il.
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(b)m of configurationtreatedforlongitud~ stabilityanalysis.

Figure 1.- Concluded.
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Figure3.- Effectoftail-span-to-wing-spanratioonthevariationsof
liftandpitchingmomentwithangleofattack;planetriangularwing
andtailofaspectratio2,d~so= 6,~/80 = 0.9568,it= b/s.=‘O.
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Figure8.- Effectofangleofattackonthevariationofliftcoefficient
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horizontalandverticaltail,S~So= 1,d/s.= 6>ht/so= it= 0.
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angular horizontal and vertical tail, 13Jao = 1, d/s. = 6,
ht/so= it=0, Aw=At =2.
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Figureil.-Effectof
liftwithangleof
combinationat45°
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Figure16.-Photographsof thewingwakein thepresenceof thetail;
identicaltriangulezwingandtailofaspectratio2,d/s.= 6,
%/so = 0.96,it= o.
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